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Many classical online problems can be formulated as follows: Given an instance $\documentclass[12pt]{minimal}
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                \begin{document}$$x_i$$\end{document}$ from its solution later nor include any of the previously revealed elements into its solution. A way to measure the performance of such an online algorithm is the *competitive ratio*, which compares how much worse it performs compared to an optimal offline algorithm \[[@CR4]\]. An algorithm is *c*-competitive if the competitive ratio of the algorithm is bounded by a constant *c*.

In most classical online problems such as the *k*-[Server Problem]{.smallcaps}, the [Paging Problem]{.smallcaps} or the [Knapsack Problem]{.smallcaps} as well as most other online problems, receiving the next $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}$$\end{document}$ of forbidden induced subgraphs by deleting nodes or edges. Obviously, there are sets and instances in which an arbitrary number of nodes can be revealed before any forbidden induced substructure is revealed. The offline variant of this problem was shown to be NP-Hard by Yannakakis \[[@CR17]\].

In this work, we use a modified version, which we call the delayed decision model, which was already used in \[[@CR16]\] and which is similar to the preemptive model used by Komm et al. \[[@CR13]\]. We consider an instance $\documentclass[12pt]{minimal}
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                \begin{document}$$S_i^I(ALG)$$\end{document}$. It may then include any of the previously revealed elements into its solution, but is still unable to revert any of its previous selections.

A selection of online problems that do not admit any algorithm with a constantly bounded competitive ratio, such as the [Minimum Vertex Cover Problem]{.smallcaps} and in particular general node and edge deletion problems are constantly competitive with delayed decision.

A simple example is the online [Minimum Vertex Cover Problem]{.smallcaps}. The input *I* is a series of induced subgraphs $\documentclass[12pt]{minimal}
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                \begin{document}$$v_j$$\end{document}$, depending on which node is not taken into the solution by a deterministic online algorithm. If both nodes are taken into the solution then no additional edge is introduced. This gadget can be repeated and forces a deterministic algorithm to take two nodes into the vertex cover where one suffices.

We denote by *H* a finite graph and by $\documentclass[12pt]{minimal}
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The competitive ratio is a standard method to analyze online algorithms and a relatively new alternative is the *advice complexity* introduced by Dobrev, Královič, and Pardubská \[[@CR7]\], revised by Hromkovič, Královič and Královič \[[@CR11]\] and refined by Böckenhauer et al. \[[@CR2]\]. The advice complexity measures the amount of information about the future that is necessary to solve an online problem optimally or with a given competitive ratio. There is an oracle called "advisor" that knows the whole input instance and gives the online algorithm "advice" in the form of a binary string that can be read from a special advice tape. Many problems have been successfully analyzed in this model including the *k*-[server problem]{.smallcaps} \[[@CR8]\], the [Knapsack Problem]{.smallcaps} \[[@CR3]\], [Job-Shop Scheduling]{.smallcaps} \[[@CR1]\] and many more. One criticism on the advice model is that in the real world such a powerful advisor usually cannot exist. However, the new research area of *learning-augmented algorithms* uses an AI-algorithm to guide classical algorithms to solve optimization problems and they are closely related to the advice complexity \[[@CR14], [@CR15]\]. A strong application of advice complexity are the lower bounds it provides: For example, the online knapsack problem can be solved with a competitive ratio of two by a randomized algorithm. It has been shown that this competitive ratio cannot be improved with $\documentclass[12pt]{minimal}
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We base our work on the definitions of advice complexity from \[[@CR12]\] and \[[@CR2]\], with a variation due to the modified online model we are working on: The length of the advice string is often measured as a function in the input length *n*, which usually almost coincides with the number of decisions an online algorithm has to make during its run. In the delayed decision model, the number of decisions may be smaller than *n* by a significant amount and we can measure the advice as $\documentclass[12pt]{minimal}
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Tight results for the advice complexity of the [Delayed Connected]{.smallcaps} $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}$$\end{document}$-[Edge Deletion Problem]{.smallcaps}, for which we can only provide lower bounds. Some proofs can be found only in the full version of this paper.
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Definition 1 {#FPar1}
------------
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The ![](495970_1_En_11_Figj_HTML.gif){#d30e1086} is defined accordingly, with the condition *C* stating *The Graph* $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar2}
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Lemma [1](#FPar2){ref-type="sec"} is not surprising. It generalizes that [Vertex Cover]{.smallcaps} admits no constantly bounded competitive ratio \[[@CR5]\].

Lemma 2 {#FPar3}
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Lemma 3 {#FPar4}
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Proof {#FPar5}
-----

Whenever an algorithm finds an induced *H*, it deletes all of its nodes, resp. edges.   $\documentclass[12pt]{minimal}
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The Delayed *H*-Node Deletion Problem with Advice {#Sec3}
=================================================

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{F}$$\end{document}$ consists of connected subgraphs, tight results have already been proven in \[[@CR16]\]. The advice complexity is exactly $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ opt}_\mathcal{F}(G)\log (|H|)+O(1)$$\end{document}$ for a biggest graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H\in \mathcal{F}$$\end{document}$. The problem becomes harder when the graphs in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{F}$$\end{document}$ are disconnected and was left as an open question. We answer it partially by determining the advice complexity for the ![](495970_1_En_11_Figo_HTML.gif){#d30e1301} , where *H* can be disconnected.

Definition 2 {#FPar6}
------------
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If a forbidden graph *H* is disconnected, it may contain multiple copies of the same component, e.g., three disjoint triangles among other components. If we were only to delete triangles, we would thus have to delete all but two copies to make the graph of an instance *H*-free. We introduce some notation to determine the number and the actual copies of a *type* of component.
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We use the multiplicity of components in *H* in a lower bound that forces any algorithm to leave specific components such as the two specific triangles in our small example. To punish a wrong selection, we use a *redundancy construction* that maps a component *C* into a $\documentclass[12pt]{minimal}
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Definition 4 {#FPar8}
------------
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To show that such a redundancy construction actually exists, we use the following transformation.

Definition 5 {#FPar9}
------------
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Intuitively, we create a copy of *H* except for a single node $\documentclass[12pt]{minimal}
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Example 1 {#FPar10}
---------

A graph *H* and its redundancy construction $\documentclass[12pt]{minimal}
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Lemma 4 {#FPar11}
-------

The transformation in Definition [5](#FPar9){ref-type="sec"} is a redundancy construction.

We denote an optimal solution of the ![](495970_1_En_11_Figp_HTML.gif){#d30e1610} on a graph *G* by $\documentclass[12pt]{minimal}
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Lower Bound {#Sec4}
-----------

### Theorem 1 {#FPar12}
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### Proof {#FPar13}
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After all components have been revealed - and some deletion(s) had to be made - a redundancy construction such as the one from Definition [5](#FPar9){ref-type="sec"} is used in order to *repair* an arbitrary set of $\documentclass[12pt]{minimal}
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### Lemma 5 {#FPar14}

Algorithm 1 is correct.

### Lemma 6 {#FPar15}

Algorithm 1 is optimal.

### Definition 6 {#FPar16}
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Informally speaking, a configuration is a set of disjoint induced subgraphs of *G* that already have a label.

### Lemma 7 {#FPar17}

Given an online graph *G*, a forbidden graph *H*, as well as a subgraph $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar18}
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### Proof {#FPar19}

We count the number of advice bits used by Algorithm 1. We know by Lemma [5](#FPar14){ref-type="sec"} and [6](#FPar15){ref-type="sec"} that it is correct and optimal. The advice in line 5 is of constant size. As *L* only contains the labels for components which are not to be deleted and we limited the number of them by a constant in Lemma [7](#FPar17){ref-type="sec"}, only $\documentclass[12pt]{minimal}
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Definition 7 {#FPar20}
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Upper Bound {#Sec7}
-----------

### Theorem 3 {#FPar22}
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### Proof {#FPar23}
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Lower Bound {#Sec8}
-----------
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We will need the following technical lemma. It states that we can find a matching with special properties in every connected bipartite graph. The matching should have the following properties. Let $\documentclass[12pt]{minimal}
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### Lemma 9 {#FPar24}
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### Lemma 10 {#FPar25}
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### Theorem 4 {#FPar26}
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### Proof {#FPar27}
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### Lemma 11 {#FPar28}
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